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Quantization of the metric diagonal spacetime with Gaussian normal coordinates
Shintaro Sawayama∗
Department of Physics, Tokyo Institute of Technology,
Oh-Okayama 1-12-1, Meguro-ku, Tokyo 152-8550, Japan
In the analysis of the Wheeler-DeWitt equation, we have simplified the Hamiltonian constraint of
the Wheeler-DeWitt equation using the coordinate transformation. The coordinate is choose such
that metric becomes diagonal and as Gaussian normal coordinate. Or we treat small universe so
that the metric become diagonal and universe is covered by Gaussian normal coordinates. We have
solved the Wheeler-DeWitt equation of such universes. Such that universe contains Biancki I type
universe or the black hole universe.
PACS numbers: 04.60.-m, 04.60.Ds
I. INTRODUCTION
In the theory of the quantum gravity there are many
approach such that string [1] or loop [2][3][4] or mini-
super approach [5]. However, the theory of the quan-
tum gravity has not completed yet. Mainly the quan-
tum gravity based on the ADM decomposition [6]. Form
the ADM decomposition; we obtain constraint equations
i.e. Hamiltonian and diffeomorphism constraint equa-
tions. To solve these constraint equations is the orthodox
way of the canonical quantum gravity. The Hamiltonian
constraint is the generator of the time translation and
the diffeomorphism constraint are the generator of space
translations [7]. The theory of quantum gravity contains
many unsolved problems which contains problem of the
time and problem of the norm. However, most important
problem is the difficulty of the constraint equations, i.e.
Wheeler-DeWitt equation [8]. There remain problem of
the norm or problem of diffeomorphism and problem of
the time. The main difficulty is in the Wheeler-DeWitt
equation. By the our resent study [9] we can mention for
problem of the time. The theory of the quantum gravity
start when the Wheeler-DeWitt equation is solved.
We think that the theory stats with solving the inho-
mogeneous spacetime. So we treat the quantization of
the inhomogeneous spacetime. We would like to know at
least one inhomogeneous quantum state. As a result we
have solved one Wheeler-DeWitt equation. Although our
model is metric diagonal case and the Gaussian normal
coordinate condition, the application is large enough to
contain the enlargement of the Biancki I type model and
the black hole model . In this paper we treat the small
universe whose metric can be chosen diagonal by coor-
dinate transformation and whose coordinate is chosen as
the Gaussian normal. Then we can solve the Hamiltonian
constraint. Secondly we recover the off-diagonal compo-
nents and solve the diffeomorphism constraint. However,
we do not cover this second step.
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II. SIMPLIFICATION OF THE HAMILTONIAN
CONSTRAINT
Using the fact that the metric become diagonal by the
local coordinate transformation, we start from decompo-
sition of the Einstein Hilbert action as
S =
∫
RdM =
∑
i
∫
Ri[gµµ]dSdt. (1)
Here S is the hyper-surface with constant time. And S
is defined such that metric become diagonal by the lo-
cal coordinate transformation. And from S the causal
diamond covers all most universe. Because, our method
is different from the usual Wheeler-DeWitt equation for-
malism, our obtained Hamiltonian constraint is different
type of the Wheeler-DeWitt equation. If we decompose
this action as 3+1, then we can obtain
L = q˙iiP ii +NH − 2√qDiN,i. (2)
Here N is the lapse functional and H is the Hamiltonian
constraint such that
H =
1
2
qiiqjjP
iiP jj +R. (3)
HereR is the three dimensional Ricci scalar and P ii is the
momentum whose commutation relation with qii is not
i, but i
√
q. In this formulation there are not appear qij
and P ij and sift vectors and momentum constraint. So
we can ignore the constraint as [P ij , H ], because we start
with metric diagonal setting. If we write the Hamiltonian
constraint in the operator representation, we obtain
H =
∑
ij
1
2
δ2
δφiδφj
+R[q11, q22, q33] = 0
=
∑
ij
1
2
δ2
δφiδφj
+
∑
i6=j
(φˆi,jj + φˆj,iφˆi,i)e
φˆi = 0. (4)
Because the final term comes from ΓΓ term, if we used
Gaussian normal coordinate, the Hamiltonian constraint
becomes
H →
∑
ij
1
2
δ2
δφiδφj
+
∑
i6=j
φˆi,jje
φˆi = 0. (5)
2Here Γ means the Christoffel symbol. We start with this
simplified model. We comment on the final step. The
assumption such that Γ|Ψ〉 = 0 is incorrect. However,
we start with Gaussian normal coordinate, the ΓΓ terms
drooped out in the derivation of R.
III. SOLVING THE WHEELER-DEWITT
EQUATION
Solving the above Hamiltonian constraint, we use
static restriction at the first time as a ansatz and next
time we calculate the solution without assumption. If we
assume ansatz which we call static restriction such as
∑
i6=j
δ2
δφiδφj
= 0, (6)
Then this constraint and the Hamiltonian constraint
commute and we can quantize simultaneously. Usually
the static restriction and the Hamiltonian constraint does
not commute. However, if we use a Gaussian normal
coordinate, static restriction commute with the Hamil-
tonian constraint. Using the static restriction we can
simplify the Hamiltonian constraint as
∑
i
δ2
δφ2i
+ 2φi,jje
φi = 0. (7)
If we assume the state is parameter separated, the Hamil-
tonian constraint equation is reduced to
δ2
δa2i
+ 8∂j∂j ln aˆi = 0 for some i (8)
Here, ai = g
1/2
ii and hat means operator. Using the ap-
proximation as
∂j∂j ln aˆi
δ
δai
− δ
δai
∂j∂j ln aˆi (9)
is small, we can solve the Hamiltonian constraint as
exp(2
√
2i
∫
(∂j∂j ln ai)
1/2δai) for i 6= j. (10)
Then the state becomes
exp(2
√
2i
∑
i
∫
(∂j∂j ln ai)
1/2δai) for i 6= j. (11)
Because of the static restriction there is a gauge in the
coordinate
∑
i,k
∑
i
(∂j∂j ln ai)
1/2
∑
k
(∂j∂j ln ak)
1/2 = 0. (12)
Because of this special gauge the above state may be
empty. And because of this gauge, we obtain one of the
gi,jj by the other two gi,jj . However, if we assume the
solution of Eq.(5) is form of the
|Ψ〉 = exp(2
√
2i
∑
i
∫
(
∑
j
∂j∂j ln ai)
1/2δai)f [φ], (13)
we can solve Eq.(5). If we act the above state to Eq.(5),
we obtain
∑
i,j
δ
δφi
(
δf
δφj
)
+
∑
k
2φi,kk
δf
δφj
(14)
If we write
∇ =
∑
i
δ
δφi
(15)
and
∇f = g, (16)
we can write the Eq.(14) as
∇g + 2
∑
j
φi,jjg = 0. (17)
This equation can be solved with similar technique to
derive Eq.(11) and solution is of the form
g = exp
(
2
∑
i
∫ ∑
j
φi,jjδφi
)
(18)
And we can write f [φ] symbolically as
f [φ] = ∇−1 exp
(
2
∑
i
∫ ∑
j
φi,jjδφi
)
, (19)
and the state is written as
|Ψ4(q)〉 = exp(2
√
2i
∑
i
∫
(
∑
j
∂j∂j ln ai)
1/2δai)
×∇−1 exp
(
2
∑
i
∫ ∑
j
φi,jjδφi
)
(20)
The above solution is the main result of our work. We
know the state is second integrated by metrics from the
state. It is same to treat following metric such as
ds2 =


−N2 0 0 0
0 q1(t, x1, x2, x3) 0 0
0 0 q2(t, x1, x2, x3) 0
0 0 0 q3(t, x1, x2, x3),

(21)
with the restriction as
Γ
(3)i
ij =
1
2
qiiqii,j = 0, (22)
where Γ(3) is the three dimensional Christoffel symbol.
In terms of φ, this constraint can be written as∑
j
φi,j = 0. (23)
3If we assume φ = φ1 = φ2 = φ3, the state become simple
as
|Ψ4(q)〉 = exp(6
√
2i
∫
(
∑
j
∂j∂j ln a)
1/2δa)
×
∫
exp
(
6
∫ ∑
j
φ,jjδφ
)
δφ. (24)
IV. DIFFEOMORPHISM CONSTRAINT
From the Eq.(20) we recover the off-diagonal compo-
nents of the metrics by usual sense such as
φi →
∑
i′j′
φi′
∂xi
∂xi′
∂xi
∂xj′
(25)
φi,kk →
∑
i′j′
φi′,k′k′
∂xk′
∂xi
∂xk′
∂xi
∂xi
∂xi′
∂xi
∂xj′
=
∑
i′j′
φi′,k′k′
∂xk′
∂xi′
∂xk′
∂xj′
= φi′,k′k′ (26)
Then the Eq.(20) becomes as
|Ψ4(q)〉 = exp(2
√
2i
∑
i′
∫
(
∑
j′
∂j
′
∂j′ ln ai′)
1/2δai′)
×∇−1 exp
(
2
∑
i′
∫ ∑
j′
φi′,j′j′δφi′
)
(27)
Here, we used the ∇−1 does not change because of inte-
gration. From the above equation, we know the solution
is diffeomorphism invariant. Although there do not ap-
pear the diffeomorphism constraint at first in this model,
the state satisfy the diffeomorphism constraint automat-
ically.
V. CONCLUSION AND DISCUSSIONS
We have solved Wheeler-DeWitt equation with re-
stricting the coordinate so that the metric become di-
agonal and as Gaussian normal coordinate under special
gauge. The know that the state has a form of second in-
tegrated as expected. And the obtained state automati-
cally satisfy the diffeomorphism constraint. We know the
states are only depend on φi,jj . Although our obtained
result is complicated because of the mixed integration,
we can simplify the state so that it can be written only
simple integration. In the solving step we assume the
state is parameter separated. So our obtained result is
not the overall state.
Although we stopped the study at the solving step,
the obtained state can be applied to enlarged Biancki I
universe or the black hole universes. Although the ∇−1
is some complicated integration, we can make it simple
integration by becoming the metric as q11 = q22 = q33.
Because we found at least one inhomogeneous state,
we can study the problem of the norm. Or we can study
the fluctuation of the CMB. And we may comment on
the singularity problem.
Our final goal is the quantization of the black holes.
However, there are many problems to solve it.
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